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1. Introduction
We construct rational elliptic surfaces with Mordell–Weil rank five starting from a
pencil of cubic curves in P2. We work over the complex numbers.
Our construction follows the same directions as that of Fusi for ranks six and seven
in [Fus06]. Our interest in this particular case is two fold: firstly rank five is the last case
for which the Mordell–Weil group is always torsion free; secondly low Mordell–Weil rank
allow more possible configurations of the bad fibers (see the list in [Per90]).
We look at the projective plane blown up at a finite subscheme of rank nine-in the
generic case we blow up nine points in general position. These nine points are the base
points of a linear pencil of cubics in P2. The rank over an algebraically closed field k̄ of
the elliptic surface is determined not only by the number of distinct points but also by their
configuration (position) in the plane. Nine different points in general position give rise to a
Mordell–Weil rank eight rational elliptic surface.
This paper is organized as follows, in section 2 we remind the reader Shioda and
Oguiso’s result on Mordell–Weil lattices on a rational elliptic surface; we restrict our-
selves to the rank five case. In the third section we treat each of the possible cases for
the Mordell–Weil lattice separately, giving the constructions in each case as well as com-
puting the heights of its generators.
2. Background
In the sequel we take S an algebraic surface over k = C with an elliptic fibration
f : S → B  P1, i.e, a surjective flat morphism such that almost all the fibers are elliptic
curves. We will also ask S to be minimal with respect to f (no exceptional curves of first
kind as components of fibers) and to be rational: k(S)  k(P2).
Let E denote the generic fiber of f . It is an elliptic curve over the function field k(B).
The group of rational points E(k(B)) can be identified with the group of sections of f . The
Lang–Néron theorem assures that E(k(B)) is finitely generated. The notation in the text
will be the following:
K = k(B) is the function field of the base curve B.
R = {v ∈ B|Fv = f −1(v) is reducible}
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F is the class of the generic fiber of f in the Néron–Severi group NS(S) (this group
has a lattice structure-the Néron–Severi lattice- with pairing given by the intersection form).
If Fv is a bad fiber, its zero component is the one that intersects the zero section.
E(K)0 is the narrow Mordell–Weil lattice given by the sections that meet the zero
component of the bad fibers for all v ∈ R.
To each bad fiber in the Kodaira classification we associate a lattice given by a Dynkin
diagram [Mir89] (for more on Dynkin diagrams see [Bou82]). We note by T the sublattice
of the Néron–Severi lattice determined by the bad fibers.
In the Mordell–Weil group we have a height pairing given by the way how a point (its
image in the group of sections) intersects the zero section and the bad fibers. Let χ be the
Euler number of S. If P,Q ∈ E(K) we have:








The local contribution of a bad fiber is acknowledged in contrv(P,Q). For a list of possible
values see [OS91].
In [Shi90] Shioda gives the Mordell–Weil group E(K) a lattice structure–Mordell
Weil lattice–, latter in [OS91] Shioda and Oguiso give all the possible configurations for
E(K) as a sublattice of the root lattice E8. We state here only the rank five case of their
theorem.
THEOREM 2.1. Let S be a rational elliptic surface with Mordell–Weil rank five.
Then the trivial lattice T, the narrow Mordell–Weil lattice E(K)0 and the Mordell–Weil
lattice E(K) are given by one of the followings:
a) T = A3, E(K)0 = D5, E(K) = D∗5 .
b) T = A2 ⊕ A1, E(K)0 = A5, E(K) = A∗5.
c) T = A⊕31 , E(K)0 = D4 ⊕ A1, E(K) = D∗4 ⊕ A∗1.
where the superscript ∗ denotes the extended Dynkin diagram.
In case a) T = A3 tells us that the surface has only one reducible bad fiber, an I4.
Surfaces in case b) have two reducible fibers, one of type I3 or IV and the other of type I2
or III . Finally, a surface whose lattices are given in c) has three reducible fibers that may
be of type I2 or III .
We remind the reader that a rational elliptic surface can always be seen as P2 blown
up at nine points as it is proved in [Mir89]. We associate a pencil of smooth cubic curves
Λ in P2 with a rational elliptic surface by blowing up the nine base points of the pencil
[Mir80]. This identification is non canonical (normally there are infinitely many possible
pencils for one rational elliptic surface). We say that a pencil has rank r if the associated
rational elliptic surface has generic rank r .
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3. Linear pencils with rank five
We build linear pencils of cubic curves of Mordell–Weil rank five. We construct the
possible cubic pencils for each case stated in theorem 2.1.
We now proceed with the constructions.
3.1. A fiber of type I4
We will treat the case a) of theorem 2.1. We will construct rational elliptic surfaces
whose Mordell-Weil lattice is isomorphic to D∗5 .
In order to have this kind of bad fiber the pencil must have a member of one of the
following forms:
a1) A nodal cubic such that the node is a base point with multiplicity four.
a2) A conic with a non tangent line such that each of their intersection points is a
base point with multiplicity two.
a3) A conic with a non tangent line such that one of their intersection point is a base
point with multiplicity three and the other is not a base point.
a4) Three non concurrent lines such that only one of the intersections is a base point
with multiplicity two.
We will give in detail the construction a4).
Construction a4) Let C1 be a non singular cubic and l1 be a line cutting C1 in three
distinct points p0, p1, p2. Take l2 a line through p0 such that C1 ∩ l2 = {p0, p3, p4} and l3
a line intersecting C1 in three other points p5, p6, p7 such that {p0, . . . , p7} has no other
combination of three colinear points other than what has been said.
Consider the pencil of cubic curves Λa through {p0, . . . , p7} such that any two curves
in the pencil intersect with multiplicity two at p0 and one at the other base points. The curve
C2 given by the three lines l1, l2, l3 is the only reducible member. Blowing up the point p0
gives an I4 fiber, the only reducible bad fiber. We will note P0, . . . , P7 the exceptional
curves over the points p0, . . . , p7. Given a section/point P in the Mordell-Weil group the
contribution of the I4 fiber to < P,P > is given by:
contr(P ) = 3
4
, if P meets the component Θ1 or Θ3
or
contr(P ) = 1, if P meets the component Θ2 .
For < P,Q > such that P meets Θi and Q meets Θj and i ≤ j the contribution of the




We will now compute the height pairing for the points P0, . . . , P7. We will give in detail
the computation of < P1, P1 >:
The point p1 belongs to l1. Since p0, the one responsible for the zero section, also





Since the Euler characteristic χ of a rational elliptic surface is 1 and the self intersection of
a section is −1 we have:





After doing the same kind of calculation for the other P ′i s one can see that the sublat-
tice of the Mordell–Weil lattice E(K) generated by P2, P3, P4, P5, P6. is of finite index.




5/4 3/4 3/4 1/2 1/2
3/4 5/4 1/4 1/2 1/2
3/4 1/4 5/4 1/2 1/2
1/2 1/2 1/2 1 0




The determinant of this matrix is 1/4 = det (D∗5). This implies that the index of <
P2, . . . , P6 > in E(K) is one, it generates thus all the Mordell–Weil lattice E(K).
REMARK 1. Cases a1), a2) and a3) can be obtained from case a4) after a birational
transformation. We will show how to pass from case a3) to case a4) and vice versa:
Let Q be the conic and l be the line in a3). Let p0 be a base point in l ∩ Q with
multiplicity three. Suppose that the conic Q is tangent to the cubics of the pencil and l cuts
them transversally in p0. Let p1 and p2 be the other base points in the line l and p3, . . . , p6
be the ones in Q. For i = 1, 2, 5, 6 define Pi as the exceptional curve above pi . For i = 3, 4
let Pi be the proper transform of the line through p0 and pi and finally, denote as P7 the
proper transform in S of the line through p3 and p4. Let E0 be the (−2)−curve over p0.
After contracting P0, the curve E0 becomes a (−1)-curve that we will contract to obtain a
surface S′. The images of the curves P1, . . . , P7 don’t intersect each other; by contracting
them we obtain P2 and the images of the fibers of the fibration on S form a pencil like in
a4).
Reciprocally, if we consider construction a4) the point p0 is a double base point. This
implies that there are two curves over it after the blow up, a (−1)-curve P0 and a (−2)-curve
P ′0. We will take X to be the surface obtained from S after contracting first P0 and then P ′0
(that becomes a (-1)-curve after the contraction of P0). Let Ei be the proper transform in X
of the line that passes through pi and p5. Let L the proper transform of l1 in X. The curves
in the set {E1, E2, P3, P4, P6, P7, L} don’t intersect each other. By contracting them we
obtain P2 and the image of the fibers constitute a pencil as in a3).
In case a1) every cubic will intersect the node with multiplicity 4, in case a2) each
cubic of the pencil passes (non tangentially) by the two intersection points so that each
component of the reducible curve contributes with one to the multiplicity of the two points.
In case a3) the intersection point of the line and the conic will be such that the line or the
conic is tangent at a non singular cubic at this point so the intersection multiplicity will be
three at that point.
THEOREM 3.1. Let S be a rational elliptic surface with Mordell–Weil rank five and
E(K)  D∗5 . Then S arises from a linear pencil of cubic curves on P2 as in construction
a4).
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Proof. Since S can be viewed as P2 blown up at nine points where each blown up
point will generate a section in the Mordell– Weil group and since it has a reducible fiber
of type I4 we have the following possibilities for S:
i) P2 blown up at nine different points
ii) P2 blown up at nine different points one of them being an infinitely near one.
iii) P2 blown up at nine different points two of them being infinitely near, each one
to a different point.
iv) P2 blown up at nine different points two of them being infinitely near to the same
point.
v) P2 blown up at nine different points three of them being infinitely near to the
same one.
We will now verify that case i) actually does not occur. Let Λ be a smooth pencil that
is identified with S. All members of Λ are irreducible unless one which gives rise to the I4
fiber. As we have seen to obtain this type of fiber we must either blow up a node at least
four times, a non tangent intersection point of a conic and a line at least twice (if we have
two) or three times (if only one of the intersection points is a base point), or twice the point
in the intersection of two lines, which together with a third line give a member of the pencil.
Since the nine points are distinct they can only be blown up once, but as we have seen this
is not possible here.
In case ii) the pencil has eight base points, one of which is a double point, say p0.
We note that three base points can not be in a line unless they are in the same component
of a reducible fiber, since there is only one reducible fiber no other three base points are
colinear. Since sections do not pass through singularities on S we have that Λ is as Λa in
construction a4).
In case iii) The pencil has seven base points, two of which are double points. All the
members of the pencil Λ are irreducible, unless one that is given by the union of a line and
a conic. This implies that Λ is as in case a2) thus by Remark 1 it can be obtained after a
Cremona transformation by construction a4).
In case iv) The pencil had seven base points, one of which is a triple point. As in the
previous case all the members of the pencil Λ are irreducible except one that is given by
the union of a line and a conic (here one of these curves is tangent to all members of the
pencil at the triple base point). Hence it is as in construction a3). Again by Remark 1 it can
be given by a4)
Finally we treat case v). The pencil Λ has six base points, one of which is a point
where the members meet with multiplicity four. All the members of the pencil are smooth
at this base point unless one (the one that will give the I4 fiber). Since the only type of
fiber allowed is the multiplicative we have only one possibility for this singular member,
a node. The pencil Λ is thus as in construction a1) coming, by Remark 1, via a Cremona
transformation from a linear pencil as in construction a4). 
3.2. Two reducible fibers
In this sub section we treat case b) of theorem 2.1 by constructing rational elliptic
surfaces whose Mordell–Weil group has rank five and the elliptic fibration has two reducible
bad fibers. From theorem 2.1 the Mordell–Weil lattice is isomorphic to A∗5.
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One reducible fiber will have two components (type I2 or III ) and the other will have
three (type I3 or IV ).
We will give a construction of (III, IV ).
Construction b1) Let Q be an irreducible conic and l be a line tangent to Q. Let
l1 be a line that intersects l at a point p0 different of the tangency point and such that
l1 ∩ Q = {p1, p2}. Take l2 such that l2 ∩ l = p3 and l2 ∩ Q = {p4, p5}. Finally take a
line l3 concurrent to l1 and l2 such that l3 ∩ l = p6 different from the tangency point and
l3 ∩ Q = {p7, p8}. Since Q is irreducible there are no other lines containing three of the
points {p0, . . . , p8}. Also no other irreducible conic contains six of the base point since it
would imply containing a line. Let Λb be the linear pencil of cubics through p0, . . . , p8.
The only reducible members in Λb are C1 = Q ∪ l and C2 = l1 ∪ l2 ∪ l3. All the nine base
points are non singular points of the curves in Λb and the intersection multiplicity of any
two members at a base point is one.
The elliptic surface obtained by blowing up each of the p0, . . . , p8 has two reducible
fibers given by C1 (type III ) and C2 (type IV ).
Letting Pi denote the image in the Mordell–Weil group of the exceptional curve ob-
tained by blowing up pi and fixing P1 as the zero element in the Mordell–Weil group then
{P2, P4, P6, P7, P8} generate the full Mordell–Weil group.
Below we will see in detail the calculation of < P4, P4 >:
Let Θv be the fiber of type III and Θw be the one of type IV . Since P4 doesn’t
intersect the zero component of the type IV fiber but it does intersect the zero component
of the type III fiber the local contribution at P4 is:
contrv(P4) = 0 and contrw(P4) = 2
3
.
The Euler characteristic of S is one. The equation (2) for P = Q = P4 gives us:









2 1 1 1 1
1 4/3 2/3 2/3 2/3
1 2/3 5/6 1/3 1/3
1 2/3 1/3 4/3 1/3




Since det (B) = 1/6 we have that {P2, P4, P6, P7, P8} is a basis for the Mordell–Weil
group (whose lattice is A∗5).
Construction b2) (I2, IV ): For a construction of an I2 fiber take the line l non tangent
to the conic Q.
Construction b3) (III, I3): For a type I3 fiber take the lines li to be non concurrent.
Construction b4) (I2, I3): Take the lines li to be non concurrent and the line l non
tangent to the conic Q.
There are other configurations that give the same type of fibers but they can all be
reduced to one of the construction b1), . . . , b4) by Cremona transformations:
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i) Instead of taking the three concurrent lines we might take another conic R and a
line m tangent to it such that R ∩ Q has four points, one of them being the point l ∩ Q and
the tangency point R ∩ m is not a base point (doesn’t belong to l or Q). Here we have nine
base points, one being infinitely near.
ii) Instead of taking the three concurrent lines we might take a cuspidal curve such
that the line l is the tangent line at the cusp. In this case we have two points infinitely near
to the same point.
THEOREM 3.2. Let S be a rational elliptic surface with Mordell-Weil rank five and
E(K)  A∗5. Then S arises from a linear pencil as in constructions b1), b2), b3) or b4).
Proof. As in theorem 3.1 but now taking into account that S has two reducible fibers
(one with two components and another with three components) the surface S can be viewed
as P2 blown up at nine points and the possibilities are the following:
i) P2 blown up at nine distinct points.
ii) P2 blown up at nine different points one of them being an infinitely near one.
iii) P2 blown up at nine different points two of them being infinitely near, each one
to a different point.
iv) P2 blown up at nine different points two of them being infinitely near to the same
one.
v) P2 blown up at nine different points two of them being infinitely near to the same
one and a third point infinitely near to another base point.
In case i) since the base points are all distinct and there are two reducible fibers the
base points are not in general position and any line through three or conic through six of
them is a component of a reducible fiber. Since the reducible bad fibers may only be of
types I2, I3, III, IV where one has two components (a conic and a line) and the other
three (lines), we have six points in a conic and four lines with three base points each. So
the pencil is as in one of the constructions b1), . . . , b4).
For case ii) the base points cannot be in general position (this would imply larger rank).
Since we have two reducible bad fibers, at least one of them is reducible, being either the
union of a line and an irreducible conic or the union of three lines. The double point is
either a node (this will give a I2 fiber), a cusp (giving a III fiber) or the intersection of a
line and a conic (I3 fiber if the line is non tangent and IV fiber if tangent). So it is possible
via Cremona transformations to obtain one of the constructions b1), . . . ,b4).
In case iii) we have two double points, one is a node or a cusp and the other is in the
intersection of a line and a conic. The base points are not in general position as one member
of the pencil is reducible. A Cremona transformation can change this pencil to a pencil as
in case ii), so constructions b1), . . . ,b4) are enough to treat that case.
As for case iv) the triple point is either a node or a cusp that after blown up will give a
type I3 or IV fiber. The pencil has one unique reducible member that is responsible for the
type I2 or III fiber. Two Cremona transformations bring us back to case ii).
Finally in case v) We have a triple point (located in a node or a cusp) and a double
point (also located in a node or a cusp). The pencil has no reducible member. A Cremona
transformation brings us to the previous case.
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3.3. Three reducible fibers
We treat case c) of theorem 2.1. In this case each reducible fiber will have two com-
ponents. All the combinations with I2 and III are possible.
Construction c1) Let Q1,Q2 and Q3 be three irreducible conics in P2 such that Qi ∩
Qj has four distinct points and Q1 ∩ Q2 ∩ Q3 has three distinct points:
Q1 ∩ Q2 = {p1, p2, p3, p4},Q1 ∩ Q3 = {p1, p2, p3, p5},Q2 ∩ Q3 = {p1, p2, p3, p6}
and thus Q1 ∩ Q2 ∩ Q3 = {p1, p2, p3}.
Consider the pencil of lines l2,u, u ∈ P1 passing through the point p5. Each line cuts
Q1 in a second point p9,u and Q3 in a second point p8,u. Let l1,u be the line through p6
and p8,u and l3,u be the line through p4 and p9,u. The intersection l1,u ∩ Q2 contains p6
and a second point p7,u. Take u0 such that p7,u0 ∈ l3,u0 . We will note pi = pi,u0 .
The cubics Cj = Qj ∪ lj , j = 1, 2, 3 pass through p1, . . . , p9 and are the only
singular cubics through those nine points. The elliptic surface given by the blow up of
those points has three reducible fibers of type I2 or III according to the number of distinct
point in the intersections li ∩ Qi .
We shall note by Pi the exceptional curve obtained after blowing up pi . Fix P1 as
the zero element of the Mordell–Weil group. The curves P2, P3, P4, P7, P8 generate a
sublattice of the Mordell–Weil lattice whose determinant is equal to the determinant of
the lattice D∗4 ⊕ A∗1, hence they generate the full Mordell–Weil lattice. We will show the
calculation of the entries in the height matrix below:
Let Θu be the fiber over l1 ∪Q1, Θv the one over l2 ∪Q2 and Θw the fiber over l3∪Q3.
For i = 4 and j = 7 the sections given by P4 and P7 intersect distinct components of Θu.
They intersect the same component of Θv but P1 also intersect this component. Thus
contrv(P4, P7) = contru(P4, P7) = 0 .
They also intersect the same component of Θw but this time P1 doesn’t intersect this
component. So,
contrw(P4, P7) = 1
2
.
The formula (1) for P4 and P7:









2 1 1 1 1
1 2 1 1 1
1 1 3/2 1/2 1
1 1 1/2 1 1/2




Construction c1’) If none of the lines li is tangent to the conic Qi then each curve Ci
will give rise to a fiber of type I2.
Construction c2) (2I2, III): If only one of the lines li is tangent to Qi then the curve
Ci will give a fiber of type III .
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Construction c3) (2III, I2): If two of the lines li are tangent to Qi then the curves Ci
will give rise to a type III fiber.
Construction c4) (3III): If each li is tangent to the respective conic Qi then each Ci ,
i ∈ {0, 1, 2} gives a fiber of type III .
THEOREM 3.3. Let S be a rational elliptic surface with Mordell–Weil rank five and
E(K)  D∗4 ⊕ A∗1. Then S arises from a linear pencil as in constructions c1’), c2), c3) or
c4).
Proof. As in the previous theorems we have several possibilities for the base points
of a pencil that induces S. Taking into account the fact that S has three reducible fibers
each with two components, the possibilities are the following:
i) Nine distinct base points with multiplicity one each.
ii) Nine points but one of them is an infinitely near point to another.
iii) Two points infinitely near to different points.
iv) Three base points each infinitely near to a different base point.
Case i) The nine points being distinct implies that their blow up doesn’t contribute to
the fiber components. Hence the cubic pencil must have three reducible cubics with two
components each, one being a line and the other a conic. Since those are the only reducible
fibers, the union of the three lines doesn’t contain all the nine points, neither does the union
of a conic Qi and a line lj with i 
= j . On the other hand, we have #(li ∩ Qj) = 1 or 2. If
there is only one point in the intersection then since each line contains three base points the
intersection li ∩ lj will contain two base points implying that li = lj . Thus li ∩Qj contains
two base points and Qi ∩ Qj contains four. This allows us to conclude that the pencil is as
in construction c1).
In case ii) we have eight distinct base points. The pencil has a singular cubic whose
singularity is a double base point. There is no other singular cubic in the pencil since
this would imply the existence of another double base point. The other reducible fibers
come from reducible cubics in the pencil (the union of a line and a conic). A Cremona
transformation should bring us back to the precedent case.
Now case iii) the pencil has seven distinct base points. Since the bad fibers cannot
have more than two components both points must be singularities of a cuspidal or nodal
cubic. One Cremona transformation bring us back to case ii)
In case vii) the pencil has no reducible members. All three points in question are
singularities of nodal or cuspidal cubics. Two Cremona transformations will suffice to take
us to case ii) and hence this is covered by construction c1). 
REMARK 2. As in Fusi’s paper [Fus06], some (in our case five) of the exceptional
curves obtained by blowing up the pi will generate the full Mordell–Weil group and not a
subgroup of index three as in the rank eight case.
REMARK 3. After this paper was submitted it was communicated to the author by
D. Fusi that he also constructs rational elliptic surfaces with Mordell–Weil rank five in a
joint paper with A. Tironi. They also obtain an application in the context of adjunction
theory and classification of threefolds with special ample divisor.
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